Abstract. In a previous work, we stated a conjecture, called the Galois BrumerStark conjecture, that generalizes the (abelian) Brumer-Stark conjecture to Galois extensions. We also proved that, in several cases, the Galois Brumer-Stark conjecture holds or reduces to the abelian Brumer-Stark conjecture. The first open case is the case of extensions with Galois group isomorphic to SL2(F3). This is the case studied in this paper. These extensions split naturally into two different types. For the first type, we prove the conjecture outside of 2. We also prove the conjecture for 59 SL2(F3)-extensions of Q using computations. The version of the conjecture that we study is a stronger version, called the Refined Galois Brumer-Stark conjecture, that we introduce in the first part of the paper.
Introduction
Let K/k be an abelian extension of number fields. The Brumer-Stark conjecture [14] predicts that a group ring element called the Brumer-Stickelberger element and constructed from special values of L-functions associated to K/k, annihilates (after multiplication by a suitable factor) the ideal class group of K and specifies special properties
The Galois Brumer-Stark conjecture
Before stating the Galois Brumer-Stark conjecture, we recall the statement of the abelian Brumer-Stark conjecture, see [15, IV. §6 ] for a more complete reference or [2, §2] . Let K/k be an abelian extension of number fields. Denote by G its Galois group. Let S be a finite set of places of k containing the infinite places and the finite places ramified in K. To simplify matters, we assume that the cardinality of S is at least 2. The interested reader can refer to [15, IV. §6] for the statement of the conjecture when |S| = 1. For χ ∈Ĝ, the group of characters of G, denote by L K/k,S (s, χ) the Hecke Lfunction associated to χ with Euler factors associated to prime ideals in S deleted. The Brumer-Stickelberger element associated to the extension K/k and the set S is defined by
where e χ is the idempotent associated to χ. It follows from the works of Deligne and Ribet [3] (see also [1] ) that ξ θ K/k,S ∈ Z[G] for any ξ ∈ Ann Z[G] (µ K ), the annihilator in Z[G] of the group µ K of roots of unity in K. In particular, denoting by w K the cardinality of µ K , we have w K θ K/k,S ∈ Z[G]. We need one last notation before stating the abelian Brumer-Stark conjecture. We say that a non-zero element α ∈ K is an antiunit if all its conjugates have absolute value equal to 1. The group of anti-units of K is denoted by K • .
Conjecture (The abelian Brumer-Stark conjecture BS(K/k, S)).
For any fractional ideal A of K, the ideal A w K θ K/k,S is principal and admits a generator α ∈ K • such that K(α 1/w K )/k is abelian.
We refer to [2, §2] for a review of the current state of the abelian Brumer-Stark conjecture. We now introduce the Galois Brumer-Stark conjecture. Note that generalizations by Nickel to the non-abelian case of the Brumer-Stark conjecture and also of the Brumer conjecture are stated in [12] .
Let K/k be a Galois extension of number fields. Denote by G its Galois group. Let S be a finite set of places of k containing the infinite places and the finite places ramified in K. Assume that the cardinality of S is at least 2. Following Hayes [8] , we define the Brumer-Stickelberger element associated to K/k and S by denotes the central idempotent associated to χ.
Remark. One can prove that, if k is not totally real or K is not totally complex, then θ K/k,S = 0 and thus all the variant of the Brumer-Stark conjecture considered in this paper are trivially true.
It follows from the principal rank zero Stark conjecture, proved by Tate [15] , that the Brumer-Stickelberger element lies in Q [G] . The first conjecture introduced in [2] gives a denominator for this element. Recall that the commutator subgroup [Γ, Γ] is the subgroup of Γ generated by the commutators [γ 1 , γ 2 ] := γ 1 γ 2 γ −1 1 γ −1 2 with γ 1 , γ 2 ∈ Γ. We give here a slightly different but equivalent formulation.
Conjecture (The Integrality Conjecture).
Let m G be the lcm of the cardinalities of the conjugacy classes of G and let s G be the order of the commutator subgroup [G, G] of G. Let d G be the lcm of m G and s G . Then, for any σ ∈ G and any n σ ∈ Z such that σ − n σ ∈ Ann Z[G] (µ K ), we have
Before stating the Galois Brumer-Stark conjecture, we need to define the notion of strong central extensions. Let E/F be a Galois extension of number fields. Let N be a finite extension of E. We say that N is a strong central extension of E/F if the extension N/F is Galois and A ∩ [Γ, Γ] = {e} where A := Gal(N/E) and Γ := Gal(N/F ). Denote by N ab the maximal sub-extension of N/F that is abelian over F . Then, N is a strong central extension of E/F if and only if N = EN ab .
Conjecture (The Galois Brumer-Stark conjecture BS Gal (K/k, S)). Let K/k be a Galois extension of number fields and let S be a finite set of places of k that contains the infinite places and the finite places that ramify in K with |S| ≥ 2. The Integrality Conjecture holds for the extension K/k and the set of places S, and, for any fractional ideal A of K, the ideal
Remark. Francesc Bars has kindly informed us of the formulation of the abelian BrumerStark conjecture for function fields contained in [13, Chap. 15] and suggested the following formulation for the Galois Brumer-Stark conjecture in positive characteristic. Assume that K/k is a Galois geometric extension of function fields. The statement of the Integrality Conjecture stays unchanged (replacing the objects involved by their positive characteristic counterparts) and, for D a divisor of degree zero of K, d G w K θ K/k,S D is a principal divisor with a generator α ∈ K such that α has absolute value 1 at all archimedean places of K, if any, and K(α 1/w K )/k is a strong central extension of K/k. We will not investigate the different aspects of the conjecture in positive characteristic in this paper.
The Galois Brumer-Stark conjecture implies the abelian Brumer-Stark conjecture. The following theorem sums up the different cases where the Galois Brumer-Stark conjecture is proved or is implied by the abelian Brumer-Stark conjecture. (
where D 2n is the dihedral group of order 2n with n odd, (3) Gal(K/k) S n where S n is the symmetric group on n letters with n ≥ 1, (4) Gal(K/k) is non-abelian of order 8. Assume that the abelian Brumer-Stark conjecture holds. Then, the Galois Brumer-Stark conjecture is satisfied in the following cases (5) Gal(K/k) is abelian, (6) Gal(K/k) contains a normal abelian subgroup of prime index, (7) Gal(K/k) is of order < 32 and not isomorphic to SL 2 (F 3 ).
A main feature of the Galois Brumer-Stark conjecture is the fact that it decomposes into an abelian part and a non-abelian part. We now explain this decomposition, see [2, §3] for details. Let G ab := G/[G, G] be the maximal abelian quotient of G and let K ab := K [G,G] be the maximal sub-extension of K/k that is abelian over k; we have Gal(K ab /k) = G ab . Denote by π ab : G → G ab the canonical surjection induced by the restriction to K ab . Let ν ab be the map from
where the sum is over all elements g ∈ G whose image by π ab is equal tog, and extended to C[G ab ] by linearity. Note that the image of ν ab is in the center of C [G] and that the map π ab • ν ab is the identity on C[G ab ]. We have
where θ
We call θ (>1) K/k,S the non-linear Brumer-Stickelberger element (associated to K/k and S). Using the properties of θ K ab /k,S , one can prove easily that the Integrality Conjecture is equivalent to the fact that
Thanks to this decomposition of the Brumer-Stickelberger element, we have the following result that shows that the Galois Brumer-Stark conjecture splits into an abelian part, corresponding to the abelian Brumer-Stark conjecture, and a nonabelian part.
Theorem 2.2 ([2, Th. 6.3]). Assume that BS(K ab /k, S) holds and that the Integrality Conjecture is satisfied for the extension K/k and the set of places S. Then, BS Gal (K/k, S) is satisfied if, for any fractional ideal A of K, the ideal A
K/k,S is principal and admits a generator β ∈ K • such that K(β 1/w K ) is a strong central extension of K/k.
The Refined Galois Brumer-Stark conjecture
In this section, we introduce a refined version of the Galois Brumer-Stark conjecture. For that, we start with Theorem 2.2 and the remark before it to deduce that the Galois Brumer-Stark conjecture is equivalent to the abelian Brumer-Stark conjecture and the following two assertions
K/k,S is principal and admits a generator β ∈ K • such that K(β 1/w K ) is a strong central extension of K/k. An interesting consequence of (A1) is the following fact. Write
Assume that there exists h ∈ G such that t h = 0. For g ∈ G, use (A1) with σ := gh −1 . It follows that n σ t g ∈ Z. On the other hand, we have
. But, n σ and w K are relatively prime and thus t g ∈ Z. We have proved the following result. Lemma 3.1. Assume that (A1) holds and that there is at least one coefficient in the expression of θ
Of course, a similar reasoning could be done for the abelian Brumer-Stickelberger element and, in fact, this kind of relation for the abelian Brumer-Stickelberger element was first noticed by Hayes [7] . The point here is that, contrary to the abelian case, there are many situations where the non-linear Brumer-Stickelberger element has a zero coefficient. Indeed, by definition, it is a linear combination of the idempotents of the non-linear irreducible characters of G, and, by a result of Burnside [9, Th. 3.14] , if χ is a non-linear irreducible character of G, there exists g ∈ G such that χ(g) = 0. The following lemma gives an equivalent condition for all the non-linear irreducible characters to take the value zero on the same element of G and thus for Lemma 3.1 to apply. where 
| and the proof is complete.
Lemma 3.2 provides a quick way to check whether, for a given group G, there exists σ ∈ G such that χ(σ) = 0 for all non-linear irreducible characters of G. Using the GAP system [4] , we find that it is the case for 81 678 classes out of the 91 356 isomorphism classes of non-abelian groups of even order ≤ 500, that is about 85%. So, for extensions K/k with Galois group isomorphic to one of these groups, the assertion (A1) implies that d G is a suitable denominator for the non-linear Brumer-Stickelberger element. Observe furthermore that this is also the case for other groups such as SL 2 (F 3 ), see next section, and for groups with a normal abelian subgroup of prime index, see [2, §7] . Indeed, by a result of Tate, see [15, p. 71] , if the character χ is not the inflation of a totally odd character of a Galois CM sub-extension, we have L K/k,S (0, χ) = 0 and thus it does not contribute to θ K/k,S is integral, it seems reasonable to conjecture that this stronger assertion is in fact true in general. With that in mind, it seems logical to further conjecture that the factor w K may not be necessary in assertion
K/k,S is principal and admits a generator γ ∈ K • . Then, up to a root of unity, γ = β 1/w K and the property that K(β 1/w K ) is a strong central extension of K/k is automatically satisfied. This leads us to the following stronger conjecture.
Conjecture (The Refined Galois Brumer-Stark conjecture RBS Gal (K/k, S)). Let K/k be a Galois extension of number fields and let S be a finite set of places of k that contains the infinite places and the finite places that ramify in K with |S| ≥ 2.
K/k,S is principal and admits a generator in K • .
We now discuss some evidence for this conjecture. First, using Theorem 2.2, it is immediate to prove that the Refined Galois Brumer-Stark conjecture implies the Galois Brumer-Stark conjecture. It is also obvious that it implies the abelian Brumer-Stark conjecture.
Furthermore, in all cases listed in Theorem 2.1 where the Galois Brumer-Stark conjecture is satisfied or implied by the abelian Brumer-Stark conjecture, the same is true for the Refined Galois Brumer-Stark conjecture. That is, we have the following result.
Theorem 3.4. The Refined Galois Brumer-Stark conjecture is satisfied in the following cases
where D 2n is the dihedral group of order 2n with n odd, (3) Gal(K/k) S n where S n is the symmetric group on n letters with n ≥ 1, (4) Gal(K/k) is non-abelian of order 8. Assume that the abelian Brumer-Stark conjecture holds. Then, the Refined Galois BrumerStark conjecture is satisfied in the following cases (5) Gal(K/k) is abelian, (6) Gal(K/k) contains a normal abelian subgroup of prime index, (7) Gal(K/k) is of order < 32 and not isomorphic to SL 2 (F 3 ).
Proof. First, note that in all cases for which Proposition 6.5 of [2] applies and reduces BS Gal (K/k, S) to BS(K ab /k, S), we also have that RBS Gal (K/k, S) reduces to BS(K ab /k, S) since then the non-linear Brumer-Stickelberger element is zero. Cases (1), (2) and (3) follow from this observation. Case (5) is trivial. For case (6), we see that
K/k,S is integral using the expression given by Theorem 7.1 of [2] and the results of Proposition 7.3, ibid. A close look at the proof of Theorem 7.4, ibid., shows that
K/k,S annihilates the class group of K and that one can find a generator in K • . For case (4), using case (6), we reduce its validity to that of BS(K ab /k, S), as it is done in Proposition 7.7, ibid., and use similar reasoning to prove that BS(K ab /k, S) holds in that case. Finally, for case (7), we proceed as in the remark after Theorem 5.2, ibid., and check that for all the extensions considered one can reduce to one of the other cases.
Our last piece of evidence for the Refined Galois Brumer-Stark conjecture is in the case of SL 2 (F 3 )-extensions, that is extensions with Galois group isomorphic to SL 2 (F 3 ), studied in the rest of this paper. These extensions splits naturally into two different types, see Section 4.2, and we prove in Section 5 that the local version of the Refined Galois Brumer-Stark conjecture, stated below, holds for SL 2 (F 3 ) extensions of type I at p for p odd. Finally, in Section 6, we prove using computations that the Refined Galois Brumer-Stark conjecture is true for 59 extensions K/Q with Gal(K/Q) SL 2 (F 3 ).
Conjecture (The local Refined Galois Brumer-Stark conjecture RBS (p)
Gal (K/k, S)). Let K/k be a Galois extension of number fields and let S be a finite set of places of k that contains the infinite places and the finite places that ramify in K with |S| ≥ 2. Then, the local abelian Brumer-Stark conjecture at p for the extension K ab /k and the set of places S holds, we have
and, for any fractional ideal A of K whose class in Cl K has p-power order, the ideal A
For the definition of the local abelian Brumer-Stark conjecture, see [6] . One checks readily that the Refined Galois Brumer-Stark conjecture is equivalent to the local Refined Galois Brumer-Stark conjecture at p for all primes p.
Extensions with Galois group isomorphic to SL
In the rest of the paper, we focus on the case of extensions K/k with Galois group isomorphic to SL(F 3 ). We start with some considerations on the group SL 2 (F 3 ) itself.
is the group of 2 × 2 matrices with coefficients in F 3 and of determinant 1. It is of order 24 and is generated by the two matrices a := 
The elements of order 6 will play a crucial role in our study. The relations they satisfy are described by the following result which can be proved by lengthy hand computations using matrices or, more conveniently, using the GAP system [4] . Proposition 4.1. Define the following elements of SL 2 (F 3 )
0 . Then, the elements a i , i = 0, 1, 2, 3, are of order 6 and form a conjugacy class in SL 2 (F 3 ). The other elements of order 6 in SL 2 (F 3 ) are a 5 i , i = 0, 1, 2, 3. Furthermore, for all i ∈ {0, 1, 2, 3}, there exists a 3-cycle π i such that, for all j ∈ {0, 1, 2, 3} with j = i, we have a i a j a π i (j) = e. The 3-cycles are π 0 = (1, 3, 2), π 1 = (0, 2, 3), π 2 = (0, 3, 1), and π 3 = (0, 1, 2).
These properties characterize the group SL 2 (F 3 ). Indeed, we have the following presentation
0 , a 0 a j a π 0 (j) = e, j = 1, 2, 3 . Thanks to Proposition 4.1, we can deduce further relations between the a i 's. Lemma 4.2. For i, j ∈ {0, 1, 2, 3} with i = j, we have
Proof. For the first assertion, we have
The other assertion is proved in a similar way.
The two next lemmas give relations in the group ring Q[SL 2 (F 3 )] that will be used in the next section.
The next lemma is proved by similar methods. We leave the proof to the reader.
Lemma 4.4. We have 
. We identify from now on G with SL 2 (F 3 ). We take S to be minimal, that is S is the set of the infinite places of k and of the finite places that ramify in K/k. Assume that K is totally complex and k is totally real, otherwise θ K/k,S = 0 and the conjecture is trivially true. The element c is the only element of order 2 in G, thus c is the unique complex conjugation and K is a CM-field. Denote by K + := K c the maximal totally real subfield of K, and by F and E the subfields of K fixed respectively by a 2 and b (see the field diagram below). Note that E is totally real and that F is a CM-field. Denote by F + := F c the maximal totally real subfield of F . We set A := a = Gal(K/F + ) and B := b = Gal(K/E).
We start by finding an expression for the Brumer-Stickelberger element. First, observe that K ab /k is of degree 3, thus K ab is totally real and θ K ab /k,S = 0. Now, let ψ be a non-trivial irreducible character of G. By [15, Prop. I.3.4] , the rank of vanishing of
is an irreducible representation of character ψ. In particular, if ψ is the 3-dimensional irreducible character of G, then, as noted in the previous subsection, ψ is trivial on c, and thus L K/k,S (0, ψ) = 0. It follows that
We now express the element in terms of the values of the primitive L-functions L K/k (0, χ) and L K/k (0, λχ). Note that, by the above formula for the rank of vanishing at s = 0, these values are non-zero. Recall that, for ψ a character of G, we have
where S 0 is the set of prime ideals contained in S and, for p a prime ideal, we have set
with P a fixed prime ideal of K above p, σ P the Frobenius automorphism of P in G and I P the inertia group of P. By our choice of S, p is ramified in K and thus I P is non-trivial. Looking at table (4.1), we find that in all cases V
In the same way, we find that V I P λχ = {0}, and thus E p (s, λχ) = 1, unless I P is conjugate to a 2 . Observe that I P is conjugate to a 2 if and only if the ramification index of P in K/k is 3 since the subgroups of G of order 3 are exactly the conjugate groups of a 2 . Assume that it is the case. Replacing P by one of its conjugates, we can assume, without loss of generality, that I P = a 2 . The quotient D P /I P , where D P is the decomposition group of P, is a cyclic group. Thus D P is either a 2 or a . If D P = a 2 , then the Frobenius σ P acts trivially on V I P χ , thus E p (s, λχ) = 1 − N p −s and it vanishes at s = 0. If D P = a , then the Frobenius is either a or a 5 . It acts as an element of order 2 on the 1-dimensional vector space V I P χ and thus it acts as the multiplication by −1. It follows that E p (s, λχ) = 1 + N p −s and E p (0, λχ) = 2.
With these considerations in mind, for p a prime ideal in S 0 , we define a quantity δ p in the following way. Let e p and f p be the ramification index and inertia degree of p in K/k, we set
1 if e p = 3, 0 if e p = 3 and f p = 1, 2 if e p = 3 and f p = 2.
We set δ K/k := p∈S 0 δ p . We have proved the following proposition. Proposition 4.5. We have θ K ab /k,S = 0 and θ
Remark. Note that one consequence of this expression is that the coefficient of b in θ (>1) K/k,S is always zero and thus, by Lemma 3.1, the Galois Brumer-Stark conjecture, or more precisely the Integrality Conjecture, would imply that
In view of the expression for θ (>1) K/k,S given by Proposition 4.5, we distinguish between two types of extensions K/k. Type I extensions are the extensions such that there is a prime ideal P of K that is totally split in F/k and ramified in K/F , for these we have δ K/k = 0; the other extensions are of type II and satisfy δ K/k = 0. We will prove in the next section that the local Refined Galois Brumer-Stark conjecture is true at p for all odd primes p for type I extensions.
Let ν be the linear character of A defined by ν(a) = −j 2 and let φ be the linear character of B defined by φ(b) = i. The characters ν and φ generate respectively the group of characters of A and of B. We compute that
By the properties of Artin L-functions, this implies that
Observe that
Indeed, Ind 
Here, we used the fact that w K = 2 since K ab is totally real. Now, the kernel of ν 3 is the subgroup a 2 of A and therefore
where η is the non-trivial character of the quadratic extension F/F + . It follows that
Putting everything together, we have proved the following result.
Theorem 4.6. We have
Remark. Using similar methods, one can prove that
However, there does not appear to be a way to deduce an explicit expression for L K/F + (0, ν).
One last simplification to the formula appearing in Theorem 4.6 is to compute the quotients of regulators.
Lemma 4.7. If all the units of K are totally real, then we have
Otherwise, the units of K that are not totally real are totally imaginary and we have
Proof. It follows from [17, Prop. 4.16] that
where Q K := (U K : U K + ) and Q F := (U F : U F + ). It is also known, see ibid., that Q K , Q F ∈ {1, 2} with Q K = 2, resp. Q F = 2, if and only if the map ε → ε/ε from U K to {±1}, resp. U F to {±1}, is surjective. Assume that Q K = 2 and let ε ∈ U K be such that ε is not totally real. Then ε/ε = −1 and ε is totally imaginary. Furthermore, N K/F (ε) is also totally imaginary and thus Q F = 2. The result follows in that case. Assume now that Q K = 1. Then U K = U K + and the units of K are totally real. Since
This proves the result in the second case and concludes the proof.
Remark. Since the character χ is rational, the value L K/k (0, χ) is also rational, that is we have
Therefore, using Lemma 4.7, we find that the p-adic valuation of h K /h K + is even for p odd, and the 2-adic valuation of h K /h K + is odd if all the units of K are totally real and even otherwise. We will give in passing an algebraic proof of the statement for odd primes p in the next section.
To conclude this section, we compute the expressions of the needed idempotents, We have
In the same way, we find that
The Conjecture for SL 2 (F 3 )-extensions of type I
In this section, we prove the following result.
Theorem 5.1. Let K/k be a Galois extension of number fields with Galois group isomorphic to SL 2 (F 3 ) and let S be the set of infinite places of k and of the finite places that ramify in K/k. Assume that K/k is of type I. Then, the local Refined Galois BrumerStark conjecture RBS (p)
Gal (K/k, S) holds for all odd primes p. Recall that type I extensions are the ones for which where there exists a prime ideal P of K that is totally split in F/k and totally ramified in K/F . For these extensions, we have δ K/k = 0 and only the character χ contributes in the definition of the non-linear Brumer-Stickelberger element. The order of [G, G] is 8, and the conjugacy classes of G are of size 1, 4 or 6, thus d G = 24. From this and the results of the previous section, we get the following expression
for some ε ∈ 1 2 N. Let p be an odd prime number. For M a finite abelian group, we denote by M {p} := M ⊗ Z Z p its p-part. In order to prove Theorem 5.1, we study the structure of Cl K {p}. From now on, we use the additive notation to denote the action of group rings on class groups. For L a subfield of K, denote by ι K/L : I L → I K the map that sends an ideal a of L to the ideal aO K of K and by N K/L : I K → I L the norm map. By abuse, we use the same notation for the induced maps on class groups. Let C 0 ∈ Cl L , then we have
Define Cl − K and Cl − F to be respectively the kernels of the norm maps Proof. Let C ∈ Cl − K {p}. Then, as noted above, we have (1+c) C = 0. But, H 1 ( c , Cl K {p}) is trivial since the orders of the groups c and Cl K {p} are relatively prime. Therefore, C ∈ (1 − c) Cl K {p} and the equality Cl
The assertions for F are proved in a similar way.
Recall that F is the subfield of K fixed by a 2 = a 2 0 . Lemma 5.4. We have (1 + a 2 0 + a 4 0 ) Cl
By hypothesis, the extension K/F is ramified and thus N K/L (Cl K {p}) = Cl F {p} by Class Field theory. (Note that, for p = 3, this can be proved directly by the above remarks without the assumption that K/F is ramified.) We have
Multiplying both sides by (1 − c) and using Lemma 5.3 gives the first equality.
It remains to prove that the map ι K/F : Cl − F {p} → Cl − K {p} is injective. For p = 3, the result is direct by the remarks at the beginning of the section. Assume now that p = 3. The kernel of this map is studied in general in [5] . We adapt the methods of this article to our case. Let H := Gal(K/F ) = a 2 0 . To simplify notations, let Cl
str to be the subgroup of strong ambiguous classes of Cl • K , that is the group of the classes in Cl
str . Furthermore, we have the commutative diagram with exact rows and the vertical maps are the natural maps
where P L denote the groups of principal ideals of a number field L.
H is injective and thus we get from the Snake Lemma that Ker(ι K/F : Cl
. Now, consider the following variation of the classical exact sequence
Note that (K × ) 1−c is also the kernel of the map
and, taking invariants for the action of H, we get the short exact sequence
Then, all conjugates of u have absolute value 1 and thus u is a root of unity. But the only roots of unity in K are ±1 and thus is in fact an isomorphism) . Now, we have the commutative diagram with exact rows and the vertical maps are the natural maps
As noted above the map P
is killed by 2. Thus, the same is true for Coker( 
Since it is clear that (1+a 2 0 +a 4 0 ) Cl 
But, by Lemma 4.4 and Lemma 5.3, we get that
K {p} is also stable under the action of a, and thus it is stable under the action of G = a, b . The proof is complete. We prove Theorem 5.1 for p ≡ 1 (mod 4). In this case, there exists i ∈ Z p with i 2 = −1 and i acts on Cl K {p}. Define
Observe now that (a 0 a 2 1 )b(a 0 a 2 1 ) −1 = b 3 , thus the map C → a 0 a 2 1 C yields an isomorphism between Cl ∧ K {p} and Cl ∨ K {p} that restricts to an isomorphism between M ∧ p and M ∨ p . In particular, there exist integers n ≥ m ≥ 0 such that | Cl 
. Now, let C ∈ Cl K {p} be a class with p-power order. Write C = C ∧ + C ∨ with C ∧ := e ∧ C and C ∨ := e ∨ C.
In the same way, we have
K/k,S is principal. To prove that it admits a generator that is also an anti-unit, we use the same method as in [6, p. 299 ]. Since p is odd, there exists an ideal B of K and an element η ∈ K × such that A = (η)B 2 and the class of B lies in Cl K {p}. Thus there exists
K/k,S β 1−c is a generator of A. Note that α 1+c = 1 and therefore α is indeed an anti-unit and the theorem is proved in this case.
We now turn to the case p ≡ 3 (mod 4). Let i ∈Q p be such that 
We now construct the required subgroups. The ring O is principal thus, by the elementary divisors theorem, there exists γ 1 , . . . , γ s ∈ Γ such that
It is clear from the above discussion that these groups satisfy the required properties.
The proof now goes along the same lines as in the case p ≡ 1 (mod 4). We apply Lemma 5.7 to the groups Cl − K {p} and M p to obtain the subgroups Cl 
and therefore
. Now, consider the quotient group Cl − K {p}/M p . Its order is p 2(n−m) and, since it is also a Z p [i]-module, its exponent divides p n−m by Lemma 5.7. Therefore, for C ∈ Cl K {p} a class with p-power order, we have p n−m (1 − c) C ∈ M p . It follows from Lemma 5.
K/k,S is principal. We prove that it admits a generator that is also an anti-unit as above. This concludes the proof of Theorem 5.1.
Remark. To conclude this section, we remark that most of the results of this section apply also in the general case, see the proposition below. For p = 3, we need the fact that there is prime ideal that is ramified in K/F in the proof of Lemma 5.4.
Proposition 5.8. Let K/k be a Galois extension with Galois group G isomorphic to
and annihilates Cl K {p}.
Numerical verifications
In this section, we explain how we proved the Refined Galois Brumer-Stark conjecture for many extensions K/Q with Galois group isomorphic to SL 2 (F 3 ) using the PARI/GP system [16] . First, we say a few words on how we found these extensions. The database [10] , created by Klüners and Malle, contains tables of number fields up to degree 19. We extracted from the database all degree 8 totally complex number fields whose normal closure has Galois group over Q isomorphic to SL 2 (F 3 ). These fields correspond to the field F . The database contains 73 such fields. For each field, we compute its Galois closure, corresponding to the field K. Then, we compute the class group of K; we find that only one field K is principal and discard it since the Refined Galois Brumer-Stark conjecture is satisfied for principal fields. For the 72 remaining fields, the class numbers range from 8 to 87 684 589 640 025. Of these 72 fields, 43 fields correspond to extensions of type I and 29 to extensions of type II. Fix S to be the set containing the infinite place of Q and the prime numbers that ramify in K. Among the 43 extensions of type I, 13 have odd class number and thus the Refined Galois Brumer-Stark conjecture for these extensions and the set of places S follows from Theorem 5.1. For the remaining 59 fields, we prove that the Refined Galois Brumer-Stark conjecture holds using the method explained below on an example. Theorem 6.1. The Refined Galois Brumer-Stark conjecture RBS Gal (K/Q, S) holds for the 30 extensions K of type I with even class number listed in Table 1 and the 29 nonprincipal extensions of type II listed in Table 2 . Tables 1 and 2 are given below and contains for each extension: an irreducible monic polynomial defining a totally complex degree 8 extension F of Q whose Galois closure The discriminant of K is 37 16 151 16 , thus we take S = {∞, 37, 151} where ∞ is the infinite place of Q. We have
Observe that 8 769 = 3 · 37 · 79 and 2 923 = 37 · 79. The first step is to compute the expression of θ
For that, we use the expression given by Theorem 4.6. We have h K = 25 631 787, h K + = 3, h F = 79 and h F + = 1. One checks that some units of K are not totally real and thus, using Lemma 4.7, we compute that h K R K h K + R K + = 93 536 2 and h F R F h F + R F + = 316.
It remains to compute the value of L K/F + (0, ν). For this, we use the function bnrL1 that computes approximations of the first non-zero coefficient of the Taylor expansion at s = 0 of Hecke L-functions. We find that L K/F + (0, ν) ≈ −1184.00000000 + 5126.87039040i.
Although we have only a numerical approximation, we can still deduce an exact value in the following way. Let S 0 be the set of places consisting of the infinite places of F + and of the finite places that ramify in K/F + . One can check easily using the formula [15, Prop. I.3.4] for the order of vanishing of L-functions at s = 0 that L K/F + ,S 0 (0, ν t ) = 0 for t ∈ {0, 2, 3, 4}. Thus, we have Coming back to the expression of θ K/F + ,S 0 given above, we deduce that L K/F + (0, ν) = 1776 + 5920j
where j := e 2iπ/3 is a third root of unity. Note that this method provides a proof that this is the exact value of L K/F + (0, ν). The prime numbers ramified in K/Q are 37 and 151.
We compute their index of ramification and residual degree, we find that e 37 = e 151 = 3, f 37 = f 151 = 2, and therefore δ K/k = 4. From these computations, we obtain that . This is actually true in all the examples that we have computed. This property makes it slightly easier to check the conjecture as we do not have to worry about finding generators that are anti-units. Indeed, we use the following lemma whose proof is left to the reader and is very similar to the reasoning used in the previous section, see the discussion after (5.8). Therefore, it is enough to check that (1−c)(528+192[a]−432[a 2 ]) annihilates Cl K . We compute two classes C 1 and C 2 in Cl K that realize the isomorphism in (6.9) . That is, these classes are respectively of order 8769 and 2923, and the map from Z/8769Z × Z/2923Z to Cl K that sends (s 1 , s 2 ) to s 1 C 1 + s 2 C 2 is an isomorphism. We do not give explicit expressions for ideals generating these classes since these expressions are too big. We compute the action of a and b on these generating classes. We find that these are given by the following matrices K/k,S annihilates the class group of K and RBS Gal (K/Q, S) is proved.
